Differentiation by the Chain Rule - Classwork

Suppose you were asked to take the derivatives of the following. Do so.
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a) causes no problem. b) is also not a problem but multiplying it out so you can take the derivative is a bit of a
pain. You are capable of doing c) but clearly do not wish to. But d) can’t be done with the knowledge you have.

We now introduce a method of taking derivatives of more complicated expressions. It is called the chain rule.

If y= f(fx) is a differentiable function of # and ﬂ=g(.r) is a differentable function of x; then }/=_/(g(.r))is a

differentable function of x and % & %% or equivalently, ;:[/(g{x))] =_/'(g(x))-g’(x)

Example 1) If /(x) = (2x+ 5)2, find /'(,r) without and with the chain rule. Show they are equivalent.

a) without chain rule b) with chain rule

3 - . - . .
Example 2) If /(x] = (2x+ 5) , find f[x) without and with the chain rule. Show they are equivalent.

2) without chain rule b) with chain rule
Example 3) If /(x)=(2x+5) ", find /(x) Example 4) If /(1) =2x+5, find /(1)
Example 5) Find )/ if y= ﬁ Example 6) Find )/ if y= {3,1‘2 -2r+ 1)3
x—
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Find the derivatives of the following:

7 y=(1-a2)" ) ymoS B Arel =

More difficult problems: We now have 3 basic rules. Power rule, product rule, and quotient rule. Note that the
chain rule is not a basic rule of differentiation. The chain rule is always in effect. Even when you find the
derivative of y = 7.x, your answer is 7 times the derivative of x which is 7(1) = 7.

Find the derivatives of the following:

10) y=2(20-3) 1] peaid=a® 13 y=(2x_1]‘

2x+1

;__1 14) y=\/4;_1 15) y=(f—4)«f;l§

13) }”:‘\/

Given that /(2) = —3,./1(2) = 6,g(2) = 3,g’(2) = —2,f(3) =4, find the derivatives of the fo]]owirlg at x = 2.

o A 2 19 [A4] 19 /(els)
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Differentiation by the Chain Rule - Homework

Find the derivatives of the following:

1.y (ds—g)’ 2 p=(32+2) 3. y=4(.v2+,r—1)m
i /’”‘5(4“9“"’)%. Orak= 311-2 " (f~;i-6)2
7. pe| =2 )2 P ; g, g 3

2—x (r+1) (¢ -2 +3)
10. y=2(5r-1)’ 1. p=l-t 12. p=32-4r+2
18: 14. y= \/-_;1 15. yﬂf%

MasterMathMentor.com - 44 - Stu Schwartz



16. y= ny (1 2x) 17. p=3 18. y=(_r”+2,r-—6)2(l—x3)2

For each of the following, find the equation of the tangent line at the indicated point. Verify by calculator.

19. y=2+2x+8 at (2.4) 20. y=332" +4xat(2,2) 21. y= \(‘3;1 at (-1,2)

Given the following information, find the value of the derivative of the functions at x = 3. Be careful, not all the
information is needed to calculate these. Answers are next to the problem.

r '
/) &) /() ¢()

3 1 8 -3 -5

6 3 -2 4 5

8 -1 3 T 4

1 2 -6 5 0

= éf’((i)) (Ans: 19) 26. (f(x))z (Ans: -6) 27. %) (Ans: (_35-_4-")
28. .\I,"(;-(}). (Ans: _?3) 29. /(x) g(,r) (Ans: — 30 /‘q(x)g(x) (Ans: -77)
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A gl) /() g
3 1 8 -3 5
6 3 3 4 5
8 -1 3 T 4
1 2 -6 5 0
I 5 /%) ~19
31. —— (Ans: — 32 Ans 33. x| (Ans: =57
e(2) o) )+ glx) ( 81 /(g{ ) ¢ )

34. g( /(%) (Ans:0)

35. /(f(,l)) (Ans: -15)

36. g{g()) (Ans: 20)

37. The table below gives some values of the derivative of some function /. Complete the table by finding (if
possible) the derivatives of each of the following transformations of /.

b) Ax)=2/x)

c) !{x)= —3.r) d) J‘(J‘)=_/{2.l‘+1)
xf(x) 3 % _% R 2 4
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AP Calculus AB / RBHS Fun Worksheet 3.5 ©@

L.

Complete the table.

y=1(g(x)) y=f(z) u=g(x)

1
a. =
) X Nx+1
b.) y=3tan (zxz)

c) y=csc’x

Find the derivative function.

/ 5 ’ 3
a) y=234_x b) y=- c) g(t)= 12]_2 d) f(x)=x(3x-9)

(r+3)3
sz A 3x° =2 ’ i3 3o
€) y Faxw £) g(x):[zxx+3] g) y=sindx +Ysinx

Evaluate the derivative of the function at the indicated point.
0 yeliria (22)  b) y=Y-sd(29)  (036) o) y=tedeoss
Find the equation of the tangent line to the graph of fat the indicated point.

a) f(x)=ixd¥+5  (22) b) f(x)=tan’x  (5.1)

H |t
—

a4

Given the functions defined below, complete the table. x 2| -1 0 1 2 3
g(x)=r(x)-2 oI R EEE
h(x)=2/(x) ' (x)
r(x)zf(—3x) h’(x)
S(x) :f(x+ 2) r'(x)

s'(x)

Let r(x)= f(g (x)) and s(x)= g(f(x)) where fand g are shown at the
right. Find:

a.) r'(l) b.) s'(4)

c) K1) if h(x)=7F*(x)+g*(x) ) K(4)if h(x)=\g(x)

Show that the derivative of an odd function is even. Thatis if f(-x)=~f(x), then f'(-x)=f'(x).

Determine whether each statement is true or false. If it is false, explain why or give a counter example.
a) If y=(1 —x)%, then y' :%(I —x)_%.
b.) If f(x)=sin?(2x), then f'(x)=2(sin2x)(cos2x)
c.) Ifyis a differentiable function of u, u is a differentiable function of v, and v is a differentiable function of x,
then Q = 7y l—ufﬁ
du dv dx



AP Calculus AB / RBHS Fun Worksheet 3.5 Solutions ©

la.) J’=L u=x+1 1b.)  y=3tanu u=nmx> lc) y=u U=CSCX
Ju
r —X f 15 5
2a) y-—2— 5y et %) g)= 3
"‘(4—1‘2) (t+3) (t2—2)
8 3(3x* —2) (6% +18x+4
2d) f'(x)=(3x_9)2(|2x_9) 26) ﬁ:_ix—y 2f) g!(x)z ( ) ( h )
dx (x' +4) (2x+3)
20, —005\/_ cosx
& { \/_J 33sin® x
1 dy
: — 3b. 0 3c. —~| =DNE
3a.) = ) ) =7 I
2
4a.) y—2=§(x—2) 4b.) y—1=4[x_§]
5)
x -2 -1 0 1 2 3
IR
g'(x) 4 2 _% -1 -2 -4
Hx) [ 8 | 4|32 |4 |8
r'(x) dne | 12 1 | dne | dne | dne
s'(x) | -3 | -1 | -2 | -4 |dne|dne
1
6a. 0 6b. DNE 6c¢. -3 6d. —_—
) ) &) ) e

7 A 0]=L-F )] = —f () == ()= f(-2) = F(x)
dx dx

8a.) False y’=-~;—(l~x)_m 8b.) False f'(x)=4sin2xcos2x 8c.) True



Worksheet 3.1-3.4

1. Evaluate the following.

EL - 1 —63/L
5(x+Ax)' _(xijj_qu +% b) Eiimtan(‘1 +h)-1 & yngﬁ: s+i 632
- =0 —
2 fi'!ximﬂ Ax !

2. Find the value of & such that the curve y = k~/x —32 and line y = 2x are tangent at a common point.

3. Find all values of x on [0,27) where f(x) =tanx +secx has:
a) Vertical asymptotes b) Horizontal tangent lines

4. Use the graphs of fand g pictured below to determine the following.

a.) If P(x)=6f(x)—4g(x),ﬁnd PJ(_3). b.) If H(x)= 1 ,find H'(B).
/(%)
c.) If R(x) =M , find R'(-2) d) If y= Q/x_zg(x) , find @
g x) dx x=1
e.) Atx=-1isfdifferentiable? Justify your answer. f.) Given the graph of g, sketch a reasonable graph of

g'(x) on the interval (—5,5).
5. Find a quadratic function with a y-intercept of 10 and whose tangent line at the point (5 ,0) has a slope of 8.

¥ +he-3, x<l1

6. Given f(x) ={ , find k and b such that f(x) is differentiable atx = 1.
3x+b, xz1

7. Given below is the graph of a function . Beside this graph are three others that are, in random order, the
graphs of 7', f”, and a function F whose derivative is f( /' = /). Label each graph with the correct function.

B N /N A

S

7 & \_

Function Function Function

N\
* N

LN



10.

L1,

12.

13.

14.

15.

17

18.

; kx +8
. If the tangent lineto y = .

Let fand g be functions that are differentiable for all real numbers x with g(x)=

equation of the line tangent to the graph of fat x =1, what is the equation of the line tangent to the graph of g at

x=17?

Find equations of both tangent lines through the point (2,-3) that are tangent to the parabola y = x2+x,

Use the graphs of F and G pictured at the right to determine the following.
a.) If P(x)=G(x)F(x),find P'(2).
G(x)

b) If O(x) =,;_(ch’ find 0'(7).

: S s
c) If y=x (x),finddx

x=2

1+h) —1
Evaluate L1ng(—+-—)—

If f(x)=x"+ax*+8x-5 has a horizontal tangent atx = I, thena =?

Given the graph of f(x), determine whether each of the following is true or false.

a.) iingg—f(zva-hzﬂf(z) -0

h-y

b.) f(S)-—f(Z) =_E
' 52 3

c) (2)>r'(5)

The graph of a fifth-degree polynomial f(x) is shown to the right. The graph of f"(x), the derivative of

f(x), will cross the x-axis in exactly how many places?

If g(x)=x"f(x),find g'(2) if £(2)=6 and £(2)=3.

atx=-2is y=x+4,find &
k+x

S (%)

A

. If y=2x-3 isan

=Y

[¥+)

2

4

},A

[\

b

Find the values for x where y =x" + x+1 and x+2y =3 intersect at right angles to each other.

If 3x—y+2=0 is tangent to f(x)=x"+k in Quadrant I, find £.



Worksheet 3.1-3.4 Solutions

1.a.) f'(x)=20x" +iz
X

2. k=16-

3. a) x=£, [sz—E Esaho!e]
2 2

4.a.) P'(-3)=-6.

c) R(-2)=

N=RR

e)No, f'(-D=f/(-1)
5. y=2x"-12x+10

6. k=1and b =-4

7.

NS

/

Function

T 3

§. y=3x-4

S

9. 11(x-5)=y-30 and -1(xt1)=y

43

10. a.) P'(2)=%. b) Q'(7)==

11. f'(1)=7
12. a= -6
13. a.) False b.) True
14. 4

15. 96

16. k=3

17. x=1/2

18. k=4

300°

b)

b.)

b.)

d)

None
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Function

c.) True

Function ___ F'
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